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A generalization of the Lèvy model for financial options is considered which employs
pseudodifferential operators with symbols depending on the state variables throughout
a small parameter ε. Adapting the classical method of the construction of a parametrix by
means of the pseudodifferential calculus an approximate solution to the pricing problem
is derived and its implication in terms of the volatility smile, even in very stylized models,
is obtained.
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1. Introduction
In recent decades the mathematical models based on Lèvy processes – as [1–3] – have replaced the classical option
pricing model developed by Black–Scholes and Merton where the underlying asset follows a geometric Brownian motion.
The Lèvy class has gained increasing favour in the financial literature and has been employed for pricing also more complex
options than the standard ones (see [4–6]). On the other hand a stream of literature has been developed to overcome the
inconsistency with market option prices arising from the assumption of constant volatility and to explain such an empirical
pattern as the volatility ‘‘smile’’, that is the dependence of the implied Black–Scholes volatilities on the strike of the option
under scrutiny. Such variants of the Black–Scholes model separate into two classes of models: the level dependent volatility
approach, which describes the underlying asset as a diffusion with volatility depending on the current or past behavior
of the asset price, and the stochastic volatility approach, which models the volatility as a further stochastic process, by
introducing a new source of randomness. A comparison of the two approaches is contained in [7], where a new model
is added to this stream of literature. Empirical work following the theoretical research has generally supported the need
for both jumps and stochastic volatility in the underlying asset. [8] merges the two streams of research by incorporating
stochastic and mean-reverting volatilities in Lèvy process models, since the otherwise successful Lèvy modeling does not
account for the observed variation of option prices across maturity. The stochastic volatility effect is incorporated into the
price process by introducing a second process that makes time stochastic and by letting the price process be subordinated
by this stochastic ‘‘clock’’. Periods with high volatility are obtained letting time run faster than in periods with low volatility.
On the other hand, [9] generalizes the local volatility models—which assume risk neutral dynamics for the stock price of the
form: dSt = µStdt + σ(St , t)dWt , beingWt a standardWiener process—to a Lèvy setting, by defining Lèvy processes which
are time changed by an inhomogeneous local speed function, i.e. a deterministic function of time and the level of the process
itself. In other words, local volatility is obtained by running the Lèvy process at a speed that depends on the stock price and
time. An alternative approach might be taken by introducing state-dependent functions in the generator of the process.
This amounts to considering some pseudodifferential operators of order in ]0, 2] as generators of Feller processes (see [10])
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which generalize the classical Lévy case, where the symbols of the generators are independent of the state variable x. In such
a framework the price of any contingent claim can be obtained as the solution of a generalized Black–Scholes equation of
the form:
∂t f (t, x)− (r + ψ(x,Dx))f (t, x) = 0
with terminal condition f (T , x) = g(x) which represents the terminal payoff. Here ψ(x, ξ) is assumed to be the
characteristic exponent of a Lévy process for each fixed xϵRn, and the equivalent martingale measure (EMM) requirement
r + ψ(x,−i) = 0 is supposed to hold. In this paper we follow this approach and build on the classical methods for
constructing the fundamental solution of pseudo-differential operators of parabolic type, in order to provide approximate
solutions to the pricing problem. This methodology is little explored in the financial literature, [2] being an exception. As
an illustration we show that the method is able to provide new formulas that, even in the more traditional case of the
Gaussianmodel, can account for such phenomena as the term structure and the smile of the implicit volatility. This example
is discussed in Section 4, while the notation and main definitions are presented in Section 2 and the valuation expression is
given in Section 3.
2. Notation
Let us define pseudodifferential operators of class Smρ,δ;ε,q(R
2n)wherem, qϵR, ρ = (ρ1, . . . , ρn)ϵNn, δ = (δ1, . . . , δn)ϵNn
with 0 ≤ δj < ρj ≤ 1, ε > 0. We say that a C∞-function ψ(x, ξ) defined on R2n is a symbol of class Smρ,δ;ε,q(R2n) if for any
multi-index α, β there is a constant Cα,β ≥ 0 such that:
sup
x,ξϵRn
|∂αξ Dβxψ(x, ξ)|.ε−q−|β|⟨ξ⟩−m+ρ.α−δ.β ≤ Cα,β (2.1)
where ⟨ξ⟩ =

1+ |ξ |2 and Dx = −i∂x. Since these symbols are of the classical type – with only an additional parameter ε
– we refer to the textbooks on pseudo-differential operators for the calculus (see [11]). Here a result on the composition of
symbols is given for readers’ convenience.
Proposition 1. If ψjϵS
mj
ρ,δ;ε,qj(R
2n) (j = 1, 2), then for any N one has: (ψ1 ◦ ψ2)(x, ξ) =∑|γ |<N 1γ !∂γξ ψ1(x, ξ)Dγx ψ2(x, ξ) +
rN(x, ξ) where rNϵS
m1+m2−θN
ρ,δ;ε,q1+q2+N(R
2n) with θ = min1≤j≤n(ρj − δj).
Proof. Since rN(x, ξ) = N∑|γ |=N  10 (1−t)N−1γ ! Os−  e−iy.η∂γξ ψ1(x, ξ + tη)Dγx ψ2(x+ y, ξ)dyđη dt it is clear that
rNϵS
m1+m2−θN
ρ,δ;ε,q1+q2+N holds. 
In the sequel it will be convenient to consider pseudodifferential operators with the symbols admitting an analytic
continuation with respect to ξ into Im ξϵΛwhereΛ is an open domain in Rn whose closure contains the origin. UsuallyΛ
will be of the form
∏n
j=1]λ−j , λ+j [ with λ−j < 0 < λ+j . If the symbol ψ admits an analytic continuation w.r.t. ξ into Im ξϵΛ
and all its derivatives ∂αξ D
β
xψ admit a continuous extension up to the boundary of Λ and satisfy (2.1), then we will write
that ψϵSmρ,δ;ε,q(R
n × (Rn + iΛ)).
3. An approximate pricing formula
Throughout this paper we consider a model of a financial market with a deterministic saving account ert , r ≥ 0, and
n ≥ 1 stocks with the price following a stochastic process St = eXt . In what follows we want to price any contingent claims
on the stocks, assuming that it follows a pseudodifferential equation of the form:
[∂t − r − ψ(x,Dx)] f (t, x) = 0 (3.1)
and that the terminal condition f (T , x) = g(x) is given, which represents the terminal payoff of the option. Here ψ(x,Dx)
is a pseudodifferential operator whose symbol belongs to Smρ,δ;ε,0(R
n × (Rn + iΛ)) with m ≤ 2,Λ = ∏nj=1]λ−j , λ+j [, λ−j <
−1 < 0 < λ+j , and satisfies some additional properties that are given below.
A typical case is a Lèvy model, where Xt follows a regular Lévy process of order m and exponential type [λ−, λ+] with
characteristic exponent ψ(ξ), i.e. E(eiξ .Xt ) = e−tψ(ξ), ∀t ≥ 0. In this case ψ(ξ) = −iµξ + φ(ξ), where φ is holomorphic
in the strip Im ξ ∈]λ−, λ+[, continuous up to the boundary of the strip, φ(ξ)ϵSm1,0 with mϵ]0, 2] and there exist c > 0 and
c0 such that Reφ(ξ) ≥ c⟨ξ⟩m − c0 in Im ξ ∈ [λ−, λ+]. The expectation operator E is taken under an equivalent martingale
measure so that e−rtSt is a martingale: in terms of the characteristic exponent one has r + ψ(−i) = 0.
In this paper amore general framework is consideredwhere the symbolψ depends also on the state variables x. Then the
EMM requirement becomes r + ψ(x,−i) = 0 for each fixed xϵRn. Following [12,11] we will also assume some conditions
on ψ(x, ξ) which guarantee the existence of a fundamental solution of the Cauchy problem (3.1) (see Proposition 2) and
that are satisfied in many meaningful financial problems.
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Before giving the main proposition let us indulge in some preliminaries concerning the function space of interest. Most
of the typical payoff functions g(x) that one encounters in Finance do not possess Fourier transforms in the usual sense.
However, whenever eω.xg(x) ∈ L1(Rn) for someω ∈ Λ, then the Fourier transform of g can be defined as usual as long as we
admit complex-valued transform variables, i.e.g(ξ) exists for Im ξ = ω. Then generalized Fourier transforms are inverted
by integrating along some straight lines in the complex space which are parallel to the real axes. Moreover one can consider
oscillatory integrals of the form:∫ +∞−iω1
−∞−iω1
· · ·
∫ +∞−iωn
−∞−iωn
eix.ξ−τψ(x,ξ)g(ξ)dξ1 · · · dξn
∀τ ≥ 0, with ξ within the domain of regularity of ψ .
Proposition 2. Let ψ(x, ξ)ϵSmρ,δ;ε,0(R
n × (Rn + iΛ)) with m ≤ 2,Λ =∏nj=1]λ−j , λ+j [, λ−j < −1 < 0 < λ+j . Suppose that
(i) there exist m′ϵ[0,m], c > 0 and c0 ≥ 0 such that Reψ(x, ξ) ≥ c⟨ξ⟩m′ − c0 in Rn × (Rn + iΛ);
(ii) sup x,ξϵRn×(Rn+iΛ′)
α,βϵRn
|∂αξ Dβxψ(x, ξ)/(Reψ(x, ξ)+ c0)|.C−1α,βε−|β|⟨ξ⟩ρ.α−δ.β <∞.
Let g be a continuous function such that eω.xg(x) ∈ L1(Rn) for any ω ∈ Λ′ ⊆ Λ. Then the Cauchy problem:
[∂t − r − ψ(x,Dx)] f (t, x) = 0 tϵ[0, T ], xϵRn
f (T , x) = g(x)
has a solution of the form:
1
(2π)n
∫ +∞−iω1
−∞−iω1
· · ·
∫ +∞−iωn
−∞−iωn
eix.ξ−(T−t)(r+ψ(x,ξ))

N−1−
j=0
pj(t, x, ξ)+ rN(t, x, ξ)
g(ξ)dξ1 · · · dξn
for any positive integer N, with rNϵSm−θNρ,δ;ε,N , p0(t, x, ξ) = 1 and for j ≥ 1 pj(t, x, ξ) = ej(t, x, ξ)e(T−t)(r+ψ(x,ξ)) where the ej’s
are obtained solving:
[∂t − r − ψ(x, ξ)]ej(t, x, ξ) = qj(t, x, ξ), ej(T , x, ξ) = 0,
with qj(t, x, ξ) = −∑j−1k=0∑|γ |+k=j 1γ !∂γξ ψ(t, x, ξ)Dγx ek(t, x, ξ).
Proof. Wemay reduce ourselves to study a Cauchy problem of the form:
[∂t − ψ0(x,Dx)] f0(t, x) = 0 tϵ[0, T ], xϵRn, f0(T , x) = g(x),
with ψ0 satisfying (i) and (ii) with c0 = 0, just defining f0(t, x) = e(r+c0)(t−T )f (t, x). Moreover one can consider the
equivalent Cauchy problem:
[∂t − ψω(x,Dx)] fω(t, x) = 0 tϵ[0, T ], xϵRn, fω(T , x) = eω.xg(x) = gω(x)
with ψω(x, ξ) = ψ(x, ξ + iω), since the symbol of ψ0(x,Dx)e−ω.x is e−ω.xψω(x, ξ). In view of Faa de Bruno’s formula for
composite functions, one obtains that the solution e0,ω to:
[∂t − ψω(x, ξ)]e0,ω(t, x, ξ) = 0, e0,ω(T , x, ξ) = 1,
that is, e0,ω(t, x, ξ) = e(t−T )ψω(x,ξ), belongs to S0ρ,δ;ε,0. Similarly, following the arguments in [12] and employing
Proposition 1, one can prove that the solution ej,ω to:
[∂t − ψω(x, ξ)]ej,ω(t, x, ξ) = qj(t, x, ξ + iω), ej,ω(T , x, ξ) = 0,
belongs to S−θ jρ,δ;ε,j and, moreover,
∑N−1
j=0 [∂t − ψω(x,Dx)]ej,ω (t, x,Dx) = rN,ω(t, x,Dx) with rNϵSm−θNρ,δ;ε,N . One can write down
the solution fω(t, x) in the form:
1
(2π)n
∫ +∞
−∞
· · ·
∫ +∞
−∞
eix.ξ

N−1−
j=0
ej,ω(t, x, ξ)+ rN,ω(t, x, ξ)
 gω(ξ)dξ1 · · · dξn.
Changing to variables ξk → ξk − iωk and performing integration in Cn one gets the result. 
Now an approximate valuation formula is given for power digital options. Note that such simple options can be viewed
as the building blocks for the valuation of more complex options. This idea has been developed in [5,6] in a classical Lévy
framework. In our more general environment an exact valuation formula is not available, in general. The following corollary
provides an approximate pricing expression.
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Corollary 1. Let the terminal payoff of an option be exp
∑n
j=1 δjxj

.
∏n
j=1 1(wjxj ≥ wjKj), where 1 denotes the indicator
function, wj = ±1 and δj ≥ 0, j = 1, . . . , n. Assume that λ−j < −δj for each j. Then, in our framework, the current price
of this option is:
e−r(T−t)
(2π i)n
n∏
j=1
wjeδjKj
∫ +∞−iw1ω1
−∞−iw1ω1
· · ·
∫ +∞−iwnωn
−∞−iwnωn
n∏
j=1
1
ξj + iδj
· exp

n−
j=1
iξj(xj − Kj)− (T − t)ψ(x, ξ)

.
[
1− i(T − t)
2
2
∇ξψ(x, ξ).∇xψ(x, ξ)
]
dξ1 · · · dξn
up to an error which is o(ε) for ε −→ 0.
Here ωj ∈]wjδj, λw,j[, where λw,j = −λ−j if wj = 1 and λw,j = λ+j − γj if wj = −1.
Proof. The Fourier transform of the payoff function is:∏n
j=1
wj
i(ξj+iδj) exp
∑n
j=1(δj − iξj)Kj

with Imξj = −wjωj andωj ∈]wjδj, λw,j[. The result follows by applying Proposition 2
with N = 2 and noting that p1(t, x, ξ) = − i(T−t)22 ∇ξψ(x, ξ).∇xψ(x, ξ). 
A paradigmatic example of pseudodifferential symbols arising in Finance is related to the Feller–Lévy processes
generalizing the KoBoL or CGMY stochastic processes, that is:
ψ(x, ξ) = −iµ(x)ξ + C(x)Γ (−Y )[M(x)Y − (M(x)− iξ)Y + G(x)Y − (G(x)+ iξ)Y ]
where Yϵ]0, 1[∪]1, 2[, C,G,M are positive functions in C∞b (R),− infM(x) < λ− < 0 < λ+ < infG(x), and µ is
determined by the EMM-requirement.
As far as the class of NIG-like Feller processes is concerned we refer to [13,2], where it is investigated in depth.
The result we have presented also applies to the state-dependent generalization of the Gaussian caseψ(ξ) = i σ 22 − rξ
+ σ 22 ξ 2 which arises in the classical Black–Scholes context. In the following section we provide a valuation expression for
this case and show that even such a simple example is able to generate some realistic effects.
4. A new pricing formula with level-dependent volatility
In this section the main result is specialized to the case of a diffusion process with level-dependent volatility. The first
model of this class is considered in [14], assuming a variance proportional to the price S of the underlying risky asset. Here
we allow for a flexible functionσ(S) and show that realistic patterns for the implied volatility are obtained if σ is decreasing
in S.
In this case we assume that the pseudodifferential operator has a symbol of the form:
ψ(x, ξ) = i

σ 2(x)
2
− r

ξ + σ
2(x)
2
ξ 2.
Then Corollary 1 yields – after some algebraic manipulation – the following approximate value for the price of a call option
whose strike price is K and the time to maturity is τ :
C(S, t) ≈ SN(d+(S))− Ke−rτN(d−(S))− Ke−rτ ln S
K
σ ′(ln S)√
8πσ(ln S)
e−
(d−(S))2
2 d+(S) (4.1)
where d±(S) =
ln sK +

r± σ2(ln S)2

τ
σ (ln S)
√
τ
. This formula is practically exact if |∂βσ | ≤ Cβε|β|with a small parameter ε > 0, so that the
error is o(ε) for ε −→ 0. In the following numerical example we takeσ(S) = σ0[η−arctg(εS)]with η > π2 and ε = 0.005;
however several other decreasing functions might be successfully employed. Formula (4.1) is employed to explore what
happens when the price computed by our level-dependent volatility model is fed backwards through Black–Scholes, to
work out the implied volatility. The B–S implied volatility σ imp is the value of the volatility that equates a B–S option price
to a market price or an allegedly more realistic model, in this case: CBS(S, t; σ imp) = C(S, t). Let us first study the smile, i.e.
the relation between σ imp and the strike price K . Note that, for fixed S, σ imp ≶ σ(S) for K ≷ S provided that σ ′ < 0 and
S > Ke−(r+
σ2(S)
2 )τ , so that d+(S) > 0.
Fig. 1 plots the implied volatility against the strike price and shows the emergence of a smile, based on our simple variable
volatility approach. The volatility implied from the BSmodel varies from around 24%with a zeromoneyness (S = K = 100),
to nearly 28% at the in-the-money and out-of-the-money ends of the graphic. In the next figure also the term structure of the
smile is investigated based upon the same theoretical formula. Fig. 2 plots the implied volatility versus strike price and time
to expiration and shows the typical flattening of the smile as the time increases. This is in keeping with empirical evidence,
since, in several markets, the convexity of implied volatility smiles grows for short maturities.
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Fig. 1. Implied volatility.
Fig. 2. Volatility surface.
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